Abstract. In order to improve the computational efficiency of the large-scale structures with uncertainty parameters, this paper present a methodological approach for interval uncertainty treatment based on an improved free interface Component Mode Synthesis (CMS) method. Firstly, the structure is divided into substructures and the perturbation method is employed for the eigenvalue analysis of substructures with the interval non-deterministic characteristics. To reduce the mode truncation error, the residual flexibility matrix is considered by constructing a set of weighted orthogonal modal vectors with low-order system modal vectors and system matrices. Different from the previous studies, this method proposed in this paper avoids calculating directly inverse of the stiffness matrix, which makes it easier to get the residual flexibility matrix. Then the synthesis equations including parameters perturbation can be deduced in terms of the interface compatibility conditions. Finally, two examples including with a numerical example as well as an experiment example are given to demonstrate the effectiveness and the efficiency of the proposed method.
Introduction
During the last decades, the FEM has been applied widely in the dynamic analysis of the deterministic models. But every manufacturing process naturally introduces some product variability, which is inevitable, such as manufacturing tolerances, material deviation, and so on. And the presence of uncertainties can affect significantly the dynamical behavior of the model. Therefore, a deterministic model is not sufficient to analyze structure dynamics. What's more, due to the growing demands imposed on new products the influence of all relevant uncertainties in properties has begun to be paid more and more attention in the static and/or dynamic analysis of structures.
According to previous works, one can distinguish probabilistic and non-probabilistic approaches as two main categories. The non-probabilistic approach is retained in this paper. In non-probabilistic approaches, the interval methods are based upon the interval concept for the presentation of uncertainty model properties, and so far, has been reported in some literatures [1, 2] .
With the development of industry technology, a very large number of degrees of freedom are usually required for complex FE model. The calculation cost of the interval finite element method can be prohibitively expensive. Component mode synthesis (CMS) technique is a favored solution method, which can significantly reduce the model size. CMS was introduced firstly in the 1960s by Hurty [3] , which focused on undamped linear vibration system. In following decades，CMS methods have been extensively developed [4] [5] [6] . Moreover, CMS currently plays an important role in the dynamic analysis of the sophisticated structures. In Ref. [7, 8] , the fixed interface CMS methods was employed to analysis of the elastic multibody systems, it was shown that the numerical costs can be reduced efficiently. He Huan et al. [9] proposed a hybrid coordinates CMS approach for a localized nonlinear system. Kawamura and Naito [10] presented a method for the analysis of nonlinear forced vibration of a multi-degree-of-freedom system. As a result, it was shown that the approach proposed in this paper is effective in the case with rigid modes in components. Klaus-Jürgen Bathe and Jian Dong [11] utilized subspace iteration method to improve the component mode synthesis solutions. Zhe Ding et al. [12] presented a free interface CMS method for viscoelastic ally damped systems. In this paper, two residual attachment modes of viscoelastic ally damped systems are proposed to reduce the mode truncation error. Two new CMS methods were proposed in Ref. [13] for generally damped systems. In order to reduce the time consumption in re-analyses of large-order models, Costas Papadimitriou [14] applied Craig-Bampton CMS method to finite element model updating.
In general, the individual components are analyzed individually and subsequently they are assembled to produce a reduced model of the whole structure. The benefits concerning the quantification and propagation of uncertainty arise from that fact that each component can be treated independently. When one or more components involve uncertainties in properties, only the components which are uncertain need to be reanalyzed. Furthermore, the uncertain data can be naturally introduced at the component level. Quang Hung Tran et al. [15] proposed an alternative CMS method for damped vibroacoustic problems. In this paper, the robust bases were constructed to solve the problem of uncertainties propagation. The results show that the proposed method results in significant time reduction. D. Sarsri et al. [16] utilized the CMS method to reduce the size of large FE systems with linear and nonlinear stochastic parameters, and they investigated the frequency transfer functions of the stochastic systems. Hilde De Gersem et al. [17] combined the CMS method with the interval and fuzzy finite element method to analyze the eigenvalue and frequency response function of structures with uncertain parameters. L. Hinke et al. [18] applied the fixed-interface CMS method to the analysis of structures with uncertainty. In this paper, Quantification and propagation of uncertainty in properties was discussed. S. A. Chentouf et al. [19] proposed a hybrid method for modelling parametric and non-parametric uncertainties. Craig-Bampton CMS method was adapted to approximate reanalysis process. Oliviero Giannini and Michael Hanss [20] proposed a component mode transformation method, which couples the capabilities of the standard transformation with the computational advantages of the CMS approach, for mechanical systems with uncertain parameters.
Above methods which apply the constraint interface CMS to the analysis of structures with non-deterministic properties can reduce efficiently the time consuming. The realistic quantification of the non-deterministic behavior of components is usually obtained through experiments, and then the uncertainties of the components in properties can be propagated to the whole system. Nevertheless, the major limitation of the methods utilizing constraint modes is the inability to easily obtain the experiment data. An improved free interface CMS combined with interval methods was proposed in order to reduce the computation time of interval dynamic analyses. In this paper, the whole dynamic system is separated into several substructures, and only these substructures which involve non-deterministic properties are analyzed by the small parameter perturbation method. The synthesis equations can be deduced by assembling all of the equations of components in terms of the interface compatibility conditions. The interval dynamic analysis of a bridge structure is given to illustrate the application of the method proposed in this paper and a Monte Carlo simulation is then used as a reference. Modal tests have been conducted to the structure with different combination of pieces, comparison between experimental results and the analytical results are also given to demonstrate the validation of the presented method.
Perturbation analysis of components with parametric uncertainties
In general, the system can be divided into several components. The undamped vibration equation of the motion of arbitrary components can be expressed as:
where and ∈ ℝ × are the mass and stiffness matrices of the component, respectively. and ∈ ℝ × are, respectively, the generalized displacement and external force vectors. is the DOF of the component. Denote Φ ∈ ℝ × as the first order normal modes retained, which can be obtained by solving the eigenvalue problem.
According to interval finite element method the uncertain structural parameters can be written into = [ ]. Where and are, respectively, the infimum and supremum of variables. can be also written in the perturbed formulation:
With the variables perturbation, the mass matrices, stiffness matrices, eigenvalues and eigenvectors of the component according to Eq. (2) can be expressed as follows:
Assume that there exists a matrix ∈ ℝ ×( ) can be expressed as:
where is a matrix to be solved and is composed of − linear independent vectors which can be written as:
We consider the weighted-orthogonal relationship:
Substituting Eq. (4) into Eq. (6) will give:
Eq. (7) can be also written as:
Substitution of Eq. (8) into Eq. (5) will lead to:
We consider that the retained lower order mode matrix Φ is normalized with respect to mass matrix, Eq. (9) can be simplified as:
Substitution of Eq. (3) into Eq. (10) and then neglect the higher-order terms will give:
It is not difficult to prove that Φ = . We can define the equivalent full modes matrix as Φ = [Φ ] = [Φ + Φ + ], and the physical coordination of the component can be written by:
where:
By splitting between and according to the retained lower-order modes and higher-order modes, where subscripts and ℎ denote the number of retained lower-order modes and higher-order modes to be respectively reduced, we can rewrite Eq. (12) as:
Substitution of Eq. (14) into Eq. (1) and pre-multiplication of the resulting equation by Φ will give:
Denote:
The second line of Eq. (15) can be written as:
By Laplace transformation of above equation can give:
Retaining only the first item of the Taylor expansion of Eq. (19) , and the inverse Laplace transform on the resulting equation lead to:
Substituting Eq. (20) into Eq. (14) will give:
where ∈ ℝ × is the residual flexibility attachment matrix and can be written in the following form as:
The stiffness matrix of the system is singular when there are rigid modes in the component, so the residual flexibility attachment matrix cannot be acquired by inversing the stiffness matrix directly. Quite different from the previous papers, the residual flexibility matrix presented in this paper can be obtained by computing the inverse of equivalent higher order stiffness matrix instead of . And since the equivalent higher order stiffness matrix , which is just related to the equivalent higher modes, is a nonsingular matrix, it is easier to calculate the residual flexibility matrix by Eq. (22).
Substitution of Eq. (11) into Eq. (17), we can acquire the perturbation expression , and one order approximation for the matrix inversion of can be expressed as:
In the same way, we can acquire:
The physical DOFs can be portioned into a set of interior DOFs and a set of interface DOFs . Eq. (12) can be rewritten in the form:
where is the force vector at the junctions and is external force vector. The interface displacement can be expressed by partition of Eq. (27):
Components synthesis equations
For convenience, consider the synthesis of components and . According to Eq. (28) the displacement of interface of the two components can be written as:
The physical displacement continuity and force continuity at the conjunction region are employed to assemble the components. These conditions can be expressed as follows: 
Substitution of Eq. (24) into Eq. (34) will lead to:
According to Eq. (33), we can obtain:
Don't consider the external force, substituting Eq. (33) into Eq. (38) and Eq. (39) will give:
We can also rewrite Eq. (40) as:
Interval eigenvalue analysis of synthesis model
The first order perturbation item of the eigenvalues of the reduced model can be expressed as:
where ̅ and Φ are the eigenvalues and the eigenvectors of the reduced model, respectively, which are obtained from the deterministic model. We consider that the mode matrix Φ is normalized with respect to mass matrix , denote , the interval function of can be written as:
The interval of ̅ , ̅ ̅ ⁄ can be obtained via interval method, then according to Eq. (50) we can acquire the interval of the eigenvalues of the system and the influencing degree of the non-deterministic factor to the natural frequencies.
Examples

Numerical example
Model description
For demonstration purposes, a bridge is considered. The length of the bridge is 108 m, the width of it is 11.2 m. As shown as in Fig. 2 and Fig. 3 , the bridge is separated into two physical components. The component contains 126 two-node beam elements, 50 nodes each has 6 DOFs, 300 DOFs in total. The component has 111 two-node beam elements, 40 nodes each has 6 DOFs, 240 DOFs in total. The beam element is circular hollow in cross-section. And the Parameters used in the model of the bridge are listed in Table 1 . 
Natural frequency analysis of deterministic model
The natural frequencies are calculated using the proposed synthesis method, and compared with those obtained using the full FE model in Table 2 , where indicates the number of the lower retained modes of each component to formulate the synthesis equations (See Eq. (48)). We can define the error measure for the natural frequency as = − × 100 %, where refer to the natural frequency acquired from the synthesis model, and refer to the natural frequency acquired from the full FE model. The comparison of error measure for natural frequencies is shown in Fig. 4 . It is observed that the errors reduce for higher modes and the maximum error is less than 0.3 % when more than 20 modes are comprised in the synthesis model. The CPU time of natural frequency analysis spent on the reduced model and the full FE model is listed in Table 3 . The CPU time ratio is defined by ⁄ ×100 %, where is the CPU time spent on the reduced model, is the CPU time spent on the full model. Obviously, it can significantly increase the calculation efficiency by using the CMS method presented in this paper. 
Interval eigenvalue analysis
We consider that Young's Modulus of component and is modeled by an interval quantity which can be expressed as:
where = 210 GPa, = 5 %. Monte Carlo method is widely used to predict the response of the systems with significant uncertainties or the system exhibited probabilistic characteristics. It is well known that the accuracy of the Monte Carlo approach is dominated by the number of samples of the uncertainties. The Larger number of the samples always means the higher accuracy of the result obtained by using the Monte Carlo method. However, with the increasing number of samples, the computational costs become expensive and extremely time consuming, especially for the dynamic analysis of the complex FE model with numerous number of DOFs. Since the Monte Carlo method can lead to highly accurate result for predicting response of the system with uncertainties, we take the results obtained from the Monte Carlo approach as the standard values to evaluate the accuracy of the results obtained by using the proposed method. The intervals of natural frequencies obtained from the method proposed in this paper and those obtained from Monte Carlo method with 100 runs due to an uncertainty on the Young's modulus are listed in Table. 4. It shows that the synthesis method gives very close bounds to the Monte Carlo method. The change rate of natural frequencies can be defined as ̅ = × 100 % and = ×100 %, where is the natural frequency obtained from the deterministic model, and are, respectively, the upper and lower bounds correspond to the natural frequency. As shown as in Fig. 5 , the upper and lower change rate bound computed by CMS gives a narrow envelop of the results using Monte Carlo method. The reduced model induces hardly any loss of accuracy as the interval results of Monte Carlo method. In addition, it needs to take around 100 minutes by using the Monte Carlo method, while it just needs to take around 2 minutes by using the synthesis method. Obviously, the method presented in this paper can greatly reduce the time consumption. Fig. 6 shows the envelopes of the first six natural frequencies for the case with different . The natural frequency intervals increase with the increase of . And the upper and lower bound obtained from the approach presented in this paper also gives a narrow envelop of the Monte Carlo results. Fig. 6 . The envelopes of lower six natural frequencies with increasing of
Experiment demonstration
The bolted plate is a kind of typical connecting structure, whose dynamics characteristics is generally influenced significantly by the uncertainties of material and connection stiffness. Two plates and two bolts are randomly selected from the test pieces shown in the Fig. 7 and the setup for modal testing of the connecting structure is shown in Fig. 8 . The intervals of natural frequencies of the bending modes obtained from the synthesis models and those obtained from experiments are listed in Table 5 , where indicates the number of the lower retained modes of each component to formulate the synthesis equations. It is obviously that the natural frequencies obtained by using the synthesis model can have good agreement with those obtained by the experiments. Since there only a few retained modes are needed to achieve the highly accurate results, the computational cost will be greatly reduced. This is very valuable to the actual works. Fig. 10(a) and Fig. 10(b) show the error measure for lower bounds and upper bounds of natural frequencies respectively. From Fig. 10(a) and Fig. 10(b) , we can see that the maximum error is less than 1.4 %. In other words, the bounds of the natural frequencies obtained by using the presented method match those obtained by experiments well. body modes in component by constructing a set of weighted orthogonal modal vectors.
2) This paper provides a method for estimating the eigen solutions of the complicated system with uncertain properties at very little computational cost. In the first example, compared with the Monte Carlo method, the case study of a bridge structure proves that the component mode synthesis technique makes the process of non-deterministic analysis more efficiently without compromising the accuracy of the interval eigenvalue results. In the second example, the results obtained from the proposed method agree very well with the experimental results in natural frequencies. This shows the superior accuracy of the proposed method as well.
